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PREFACE

The work described in this report is based on work supported in
part by the US Army European Research Office through contract DAJA37-81-C-

42 0895, and in part by the Centro Nazionale Ricerche (CNR) (National Center
3 for Research) through the Gruppo Nazionale Struttura della Materia (GNSM)
L3 (National Group for the Structure of the Matter). This work was started
22> in 1978 and is on-going.

" . The use of trade names in this report does not constitute an

g official endorsement or approval of the use of such commercial hardware or
;}% software. This report may not be cited for purposes of advertisement.

)

" Reproduction of this document in whole or in part is prohibited
except with permission of the Commander, Chemical Systems Laboratory, ATTN:
DRDAR-CLJ-IR, Aberdeen Proving Ground, Maryland 21010. However, the Defense
Technical Information Center and the National Technical Information Service
are authorized to reproduce the document for United States Government pur-

poses.
This report has been approved for release to the public.
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THE ELEMENTS OF THE ROTATION MATRICES IN
TERMS OF RODRIGUEZ'S PARAMETERS

1. INTRODUCTION

Ig quantum mechanics and group theory, the elements of the rotation
matrices QJﬁ;re expressed in terms of the eulerian angles whose mutual in-
—E;;;;den;;'bffer undoubted advantages. However, there is one application
in which expressing the elements of QJ in terms of Rodriguez's parameters,1
viz., the direction cosines of the a;ia, A, u, v, and the angle of rotation,

w, may be very useful. The application we are thinking of is the calculation

of symmetrized combinations of irreducible spherical tensors,2 particularly

scalar and vector spherical harmonics. In this case, while their use to describe
the rotations is rather instinctive, the lack of mutual independence of Rodriguez's

parameters does not matter.
2, DISCUSSION

Bassani and Pastori-Parravicini,3 who restrict their analysis to
two-component spinors, have used Rodriguez's parameters to study the rotational
properties of functions. We will obtain general expressions for the elements
of the matrices gJ » for arbitrary J, and, particularly for the elements of

the matrix S describing the rotation of the cartesian coordinates:

]
X, .Zsijxj (1)
)
Recalling that the matrices QJ form an irreducible representation

of order 2J+1 of the rotation group in three dimensions on a basis of simulta-

neous eigenvectors of J2 and Jz

twey

Dy (@)= <J,M'|e

| 3,M> (2)




-, A d e, T T o iC A P P ™

--------------

where ¢ is the vector angle of rotation, and the explicit expression for
the clemsats I:.. is given (e.g., by la-er-uh)‘ in terms of the Kayley-
llotnsm-ucn. e ond b, se

3 [CIH) 1 (3-M) 1 (J4M )1 (3-M") 1] %
Dyrylasb) = zk: (R TRT(I-MT=k) T (HT-MFR)

J-M'-k  k M'-M+k

aJ-l-!(-‘lt (a%) bk (-b*) )

X

It is well known that the Kayley-Klein parameters are used in classical
mechanics as a tool to integrate gyroscopic problems; but for present pur-

poses, they are better related to the elements of D"

Therefore, once it is shown that a and b can be expressed in terms of
A, #, v, and w, the task will be done. To this end, notice that for

J =3, Equation 2 yields:

1
D:." =<3 N | ei‘.',*o:!l%. M'D> = iexp[ig () gx * ugy + vgz)]fn.n 4)

vhere the o 's are the Pauli spin matrices. Now, let us put

v A=iyp

P= ro, +ug, +vo, =
=X 4 ® At+ip -

then, by substituting into Equation (4), we get

t k k
. = exp (1%')'% (1—2“-'—) -Tl!—' (5)

............
‘‘‘‘‘
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according to the customary definition of the functions of a matrix. )
4
Since it is immediately verified that .
g
g
\
’ 2k E
| S ¥ p2k+l . p §
~
4
Equation (5) can be rewritten as
o - sl(ee 2k R T , pktt :
s 2\ 2 (2k)! 2 (2k+1)! \
= Jcos % + ilsin'—‘z’-
(6)
Therefore, the expression for 9!5 becomes j
cos 2 +1ivsins $(A-1ip) sin%
< p? =
W} *
: w w w
% i(A+iu)sin2 cos5 -iv sing
’:: and the Kayley-Klein parameters take on the desired form
‘sv
vy w w
r‘é . a-cosi +1vsini (7a)
;! k3
23 b=1(-1iu)sing (7b)
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When dealing with symmetry properties of sets of spherical
tensors centered at molecular or crystal sites, the site coordinates
have to be rotated in order to get the permutations induced by the
group operations. This can be done easily through the use of the
matrix S of Equation (1), whose expression has been given by Goldstein5

‘"in terms of a and b:

% (a2 + a*2 - b2 - p*2) % (b*2 - b2 - a2 4+ a*2) - (ab+a*bd*)
s = % (a2 - a*2 - b2 + pb*2) % (a2 + a*2 + b2 + b*2) -i(ab-a*b¥)
L ab*+a*p i(ba*-ab*) aa*-bb*_ (8)

Substituting Equation (6) into Equation (7) then yields

[ ]

A +(1-12)cosw Au{l-cos w)-vsinw vi(l-cosw)+usinw
2 2 i Yo st
S=|Apu(l-cosw)+vsinw w +(1-p")cosw uv (1- cosw) - A sinw [(9)

2
vi(l-cosw)-usinw wuV (l-cosuw)+Asinw v2+(1-v ) cos w

b

3. CONCLUSION

In conclusion, it is pointed out that Equation (9) has been
successfully coded with Equation (3) with a and b given by Equation (7)
as part of a program to get symmetrized combinations of spherical multi-
poles centered at the sites of a molecule. In spite of the occurrence of
complex quantities, we were also able to implement the coding to reduce

the request for complex computer algebra to a minimum.
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USA Combined Arms Center and
Fort Leavenworth
ATTN: ATZL~CAM=1IM 1
Fort Leavenworth, KS 66027

Commander

US Army Infantry Center

ATTN: ATSH=CD-MS-C 1
ATTN: ATSH-CD=-MS-F 1
ATTN: ATZB8-DPT=-PO-NBC 1

Fort Benning, GA 31905

\ ) . <,
o~ 'LC\:!'-_ 1 S ¥ q"w' ‘\

% .‘\ Y .\,\ \1



il

e T

ok LR

e

PPY,

o N

T
A

Commander

USA Tralning and Doctrine Command

ATTN: ATCD=-N

ATTN: ATCO~TEC (Dr, M, Pastel)
ATTN: ATCD-Z

Fort Monroe, YA 23651

Commander

US Army Armor Center
ATTN: ATX-CD-MS
ATTN: ATZK-PPT-PO-C
Fort Knox, KY 40121

Commander

US Army TRADOC System Analysis Actlivity

ATTN: ATAA-SL
ATTN: ATAA-TDB (L. Domlnguez)

White Sands MlIsslie Range, NM 88002

Commander

USA Fleid Artiljiery School
ATTN: ATSF-GD=RA

Ft. SIME, OK 73503

Director

USA Concepts Analysls Agency
ATTN: MOCA-SMC (Hal Hock)
8120 Woodmont Avenue
Bethesda, MD 20014

US ARMY TEST & EVALUATION COMMAND

Commander

US Army Test & Evaluation Command
ATTN: DRSTE-CM-F

ATTN: DRSTE~CT-T
ATTN: DRSTE-AD-M (Werren Balty)

Aberdeen Proving Ground, MO 21003

Commander

USA EPG

ATTIN: STEEP-MM=|S

ATTN: STEEP-MT-DS (CPT Decker)
Ft. Huachuce, AZ 85613

Commender
Dugway Proving Ground

ATTN: STEDP-MT (Dr. L. Solomon)
Dugway, UT 84022

DEPARTMENT OF THE NAVY

Commander
Naval Research Laboratory

ATTN: Code 5709 (Mr. W, E. Howell)

ATTN: Code 6532 (Mr, Curclo)
ATTN: Code 6532 (Mr. Trusty)

ATTN: Code 6530-2 (Mr, Gordon Stamm)
ATTN: Code 8320 (Dr. Lothar Ruhnke)
ATTN: Code 8326 (Dr. James Fltzgerald)
ATTN: Code 43202 (Dr, Hermann Gerber)

4555 Overiook Avenue, SW
Washl!ngton, DC 20375

Chlef, Bureau of Med!icine & Surgery

Department of the Navy
ATTN: MED 3C33
Washington, DC 20372

Commander
Naval Alr Systems Command

ATTN: Code AIR-301C (Dr. H. Rosenwasser)
ATTN: Code AIR-5363 (D. C. Caldweil)

Washington, DC 20361

Commander
Naval Sea Systems Command

ATTN: SEA-62Y13 (LCDR Richard Gllibert)

ATTN: SEA-62Y21 (A. Kanterman)
ATTN: SEA=62Y21 (LCOR W, Major)
Washlington, DC 20362

Project Manager

Theatre Nuclear Warfare Project Of fice

ATTN: PM-23 (Dr. Patton)
ATTN: TN-09C

Navy Department
Washington, DC 20360

Commander

Naval Surface Weapons Center
Dahigren Laboratory

ATTN: DX-21

ATTN: Mr, R, L. Hudson

ATIN: F-56 (Mr, Douglas Marker)
Dahigren, VA 22448

Commander

Naval Intellilgence Suport Center
ATTN: Code 434 (H, P, St,Audbin)
4301 Sutltiand Road

Sultiand, MD 20390

- h WS wmd mh s -a

-—

K1 NCARS

[BY i SUR PRI




3
1
Rl

A

Y
)

Commander
Nava! Explosive Ordnance Disposal

Technology Center
ATIN: AC-3
Indlan Head, MD 20640

Ot tlcer-1n~Charge

Marine Corps Detachment

Maval Explosive Ordnance Disposal
Technology Center

Indlen Head, MD 20640

Commander

Naval Alr Development Center

ATTN: Code 2012 (Dr. Robert Heimbold)
Warminster, PA 18974

Commander

Naval Weapons Center

ATTN: Code 3893 (L. A, Mathews)
ATTN: Code 3882 (Dr. C. E. DInerman)
ATTN: Code 3918 (Dr. Alex Shlanta)
China Lake, CA 93555

Commanding Of flcer

Naval Weapons Support Center
Applled Sclences Department
ATTN: Code 50C, Bidg 190
ATYN: Code 502 (Carl Lohkamp)
ATTN: Code 5063 (R, Farren)
Crane, IN 47522

US MARINE CORPS

Command!ng General

Marine Corps Development and
Education Command

ATTN: Flre Power Division, D091

Quantico, VA 22134

DEPARTMENT OF THE AIR FORCE

Depasrtment of the Alr Force

Headquarters Forelgn Technology Division
ATTN: TOTR

Wright-Patterson AFB, OM 43433

AFAMRL/TS

ATTN: COL Johason
Wright-Patterson AFB, OH 435433
AFWAL/FIEEC (Wwende!li Banks)
Wright-Patterson AFB, OH 43433

HQ AFSC/SDZ

ATTN: CPT D. Rledliger
Andrews AFB, MD 20334

USAF TAWC/THL
Egiln AFB, FL 32542

USAF SC
ATTN:
ATTN:
Eglin AFB, FL

AD/YQ (DOr, A, Vasllott)
AD/YQO (MAJ Owens)
32542

AD/XRO
Egiin AFB, FL 32542

Commander

Hanscom Alr Force Base

ATTN: AFGL/LYC (Dr, Barnes)

ATTN: AFGL/POA (Dr, Frederick Volz)
Bedford, MA 01731

Headquarters

Tactical Alr Command
ATTN: DRP

Langley AFB, VA 23665

AFOSR/NE
ATTN: MAJ H, Winsor
Bollilng AFB, DC 20332

OUTSIDE AGENCIES

OSv Fleld Offlce
P.0. Box 1925
Eglin AFB, FL 32542

Battelle, Columbus Laboratories
ATTN: TACTEC

505 King Avenue

Columbus, OH 43201

Toxlcoliogy Information Center, JH 652
Natlonal Research Councll

2101 Constitution Ave,, NW
Washington, DC 20418

Los Alamos National Laboratory
ATTN: T=-DOT, MS B279 (S. Gerstl)
Los Alamos, NM 87545

Institute for Defense Analysls

1801 N, Beauregard Street
Alexandria, VA 22311
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ADD ITIONAL ADDRESSEES

Ofttice of Missllie Electronic Wartare
ATTN: DELEW=M-T-AC (Ms Arthur)
White Sands Misslle Range, NM 88002

US Army Moblilty Equipment Research and
Development Center

ATTN: DROME-RT (Mr, O, F, Kezer)

Fort Belvolr, VA 22060

Dl rector

US Night Vision and EO Laboratorles
ATTN: DRSEL-NV-VI (Or. R. G, Buser)
ATTN: DRSEL=-NV=V| (Mr. R. Bergemann)
ATTN: DELNV=-V| (Luanne Obert)

ATTN: DELNV-L (D. N. Spector)

Fort Belvolr, VA 23631

Commandant

Academy of Health Sclences, US Army
ATTN: HSHA-CDH

ATTN: HSHA-IPM

Fort Sam Houston, TX 78234

Sclence Applications Inc.

ATTN: Dr. Frederick G. Gebhardt
3 Preston Court

Bedford, MA 01730

Sclence Applications iInc.
ATTN: Mr. Robert E, Turner

1010 Woodmen Drive, Sulte 200
Dsyton, OH 45432
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Creative Optics 1
25 Washlington St
Bedford, MA 01730

McDonnei| Douglas Astro Co

ATTN: John Adams (A-3-210,11-1) 1
5301 Bolisa Ave

Huntington Beach, CA 92647

BMD Program Offlce

ATTN: Dlck McAtees, Rm, 7514 1
5001 Elsenhower Ave

Alexandrla, VA 22333

Dr. W, Michael Farmer, Assoc Prof, Physlics
Unlversity of Tennessee Space Instltute 1
Tul lahoma, TN 37388
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